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Abstract. To study the electronic structures of quantum dots in the framework of self-interaction-free
including three dimensional effects, we adopt the theory of nonlocal effective potential introduced by Kohn
and Sham [1]. For utilizing the advantageous point of the real space (3D) mesh method to solve the
original nonlinear and nonlocal Hartree-Fock-Kohn-Sham (HFKS)-equation, we introduce a linearization
of the equation in the local form by introducing the local Coulomb potentials which depend on explicitly the
two single particle states. In practice, for solving the local form HFKS-equation, we use the Car-Parrinello-
like relaxation method and the Coulomb potentials are obtained by solving the Poisson equation under
proper boundary conditions. Firstly the observed energy gap between triplet- and singlet-states of N = 4
in DBS [7] is discussed to reproduce the addition energies and chemical potentials depending the magnetic
field. Next the coupling between two-quantum dots in TBS [8] is studied by adding the square barrier
between two dots. The spin-degeneracy [8] measured in gate-voltage depending on magnetic field is well
reproduced in the limit of small mismatch. Finally, the electronic states in the ring structure are calculated
and discussed how the ring size and magnetic field affect to the structures.

PACS. 73.20.Dx Electron states in low-dimensional structures (superlattices, quantum well structures and
multilayers) – 71.15.Fv Atomic- and molecular-orbital methods (including tight binding approximation,
valence-bond method, etc.)

1 Introduction

Although Kohn and Sham [1] have pointed out the theory
of nonlocal effective potential which introduces the cor-
relation energy functional to the Hartree-Fock energy for
calculating the electronic structures of the many electron
system from the view point of density functional theory,
almost all calculations performed until now by real space
mesh method are those of LDA and LSDA which have an
inherent problem of self-interaction [2].

In this report we show the straightforward application
of the Hartree-Fock-Kohn-Sham (HFKS) theory [3] to the
self-interaction free calculation of the electronic structures
in many electron system by using 3D-mesh method.

Firstly the method of linearization of the original non-
local and nonlinear HF-equation in the local form is shown
to solve the equation by utilizing the advantageous point
of the real space (3D) mesh method which has been devel-
oped in the field of nuclear physics [4]. Next we apply this
3D-mesh HFKS-calculation to the study of the electronic
structure in the artificial atom and molecule in the ver-
tical quantum dots realized between the heterostructure
barriers [7,8].

The presented HFKS-calculation is a kind of unre-
stricted HFKS-calculation (UHFKS-calculation), because
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it becomes equivalent to the well-known unrestricted HF
calculation of the original Hartree-Fock approximation
when we neglect the correlation energy in the HFKS-
calculation.

2 Local form of HFKS equation

According to Kohn and Sham [1], the energy functional
of N electron system EHFKS = EHF +Ec[ρα, ρβ ] is com-
posed of Hartree-Fock energy EHF and correlation energy
Ec[ρα, ρβ ]. In this report we use the correlation energy of
the local spin density functional presented by Vosko and
Wilk [5]. After the variation of the HFKS-energy func-
tional, the original HFKS-equation is obtained as follows,

[h(r) + UH(r)]ψσi (r) −
Nσ∑
j=1

∫
ψσj
∗(r′)ψσi (r′)
|r− r′| ψσj (r)dr′

+vσc ([ρα, ρβ], r)ψσi (r) = εσi ψ
σ
i (r). (1)

To linearize this nonlocal and nonlinear equation, the
usual nonlocal form is not suitable for the real space mesh
method.
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However, we can linearize the original HFKS-equation
in the local form as is shown in the following equation,

[h(r) + UH(r)]ψσi (r)−
Nσ∑
j=1

Uσij(r)ψσj (r)

+ vσc ([ρα, ρβ ], r)ψσi (r) = εσi ψ
σ
i (r) (2)

by introducing the Coulomb potentials Uσij(r) which de-
pends explicitly the single particle states

Uσij(r) =
∫

1
|r− r′|ρ

σ
ij(r
′)dr′ (3)

where ρσij(r) = ψσj
∗(r)ψσi (r).

Here h(r) denotes a one-body part of the system and
UH(r) the Hartree term. Third term is the exchange po-
tentials and the fourth one vσc ([ρα, ρβ ], r) spin-dependent
local correlation potential.

In practice, for obtaining the self-consistent solution
of the local form HFKS-equation (2), we use the Car-
Parrinello-like relaxation method and the Coulomb po-
tentials (3) are calculated by solving the Poisson equation
∇2

rU
σ
ij(r) = −4πρσij(r) under the proper boundary condi-

tions. To calculate the kinetic energy in this 3D-mesh cal-
culation, the finite difference is applied by using about
13 mesh points.

3 Electronic structures in single quantum dot

To calculate the electronic structure of a quantum dot
of N-electrons including 3-dimensional effect, we use the
following the total Hamiltonian for HF-part

ĤN =
N∑
i=1

ĤXY (xi, yi) +
1
2

∑
i

∑
j i6=j

e2

ε|ri − rj |

+
N∑
i=1

ĤZ(zi) (4)

where ĤXY (x, y) = − ~2

2m∗∇2
xy+UC(x, y)+UB(x, y) is the

usual 2-dimensional Hamiltonian. The confinement poten-
tial UC(x, y) = 1

2m
∗ω2

0(x2 + y2) is used and the magnetic

field effect is represented by UB(x, y) = 1
2m
∗ ω2

c

4 (x2 +y2)+
ωc
2 l̂z+g∗µB B·S

~ where ωc = eB
m∗ c is cyclotron frequency. In

this calculation, we use the effective mass of m∗ = 0.067
and the effective g-factor g∗ = 0.44. For the dielectric con-
stant we use a value of ε = 12.5 for UHFKS-calculation,
but we change the value to ε = 25.8 for UHF-calculation
as will be discussed below.

The vertical degree of freedom in the quantum dot is
introduced in ĤZ(z) with potential UZ(z) of square well
form; ĤZ(z) = − ~2

2m∗
∂2

∂z2 + UZ(z). All geometrical factors
in ĤZ(z) are settled to be the almost same scale shown
in Refs. [7,8]. For the case of single Q-dot, the length of
the z-direction is 12 nm and divided in 11 mesh points.
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Fig. 1. Electron number dependence of addition energy by 3D-
mesh UHFKS calculation and comparison with experimental
ones [7]. Cal.1 and Cal.2 are for ~ω = 5 meV and 3 meV,
respectively.
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Fig. 2. Electron number dependence of addition energy of
3D-mesh UHF-calculation and comparison with experimental
ones [7]. Cal is for ~ω0 = 5 meV and ε = 25.8.

The maximum value of the xy-plane is settled as 100 nm
and divided in 21 mesh points with equidistance for the
case of confinement potential ~ω = 5 meV and 130 nm for
~ω = 3 meV.

In this single Q-dot, it had been verified that the wave
functions in the vertical direction were composed of the
ground state wave function with almost sine shape and
the function weaken considerably the two-body Coulomb
energy of the two dimensional limit.

To evaluate the chemical potential, the total energy
E(N) = EUHFKS −

∑N
i=1〈ĤZ(zi)〉 is used by subtracting

the energy of HZ from the UHFKS total energy.
The calculated addition energies obtained UHFKS cal-

culation of the single Q-dot are shown in Fig. 1 by compar-
ing with the measured ones [7] depending on the electron
number N in Cal.1 and Cal.2 for ~ω = 5 meV and 3 meV,
respectively.

In these calculations the energy difference between
triplet and singlet states of N = 4 in B = 0 T are about
1.0 meV in both case of ~ω0 = 5 meV and 3 meV but
Coulomb energies of the Q-dot of ~ω0 = 5 meV are much
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Fig. 3. Schematic presentation of model for coupling between
two Q-dots. (a) Experimental profile of TBS [8], (b) model
potential UZ(z) in the vertical direction.
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Fig. 4. Barrier height VB dependence of single electron ener-
gies in two quantum dots by 3D-mesh calculation in the case
of magnetic field B = 2.6 T.

larger than that of ~ω0 = 3 meV which are comparable
with measured ones.

To reproduce well the energy difference 0.7 meV be-
tween the triplet and singlet states measured in exper-
iment [7], we had to change the dielectric constant as
ε = 25.8 then the obtained addition energy shown in
Fig. 2. In this UHF-calculation we neglected the corre-
lation energy.

4 Coupling between two quantum dots

The VZ(z) potential which determines the coupling be-
tween two Q-dots in TBS is shown in Fig. 3(b) by com-
paring with experimental profile of Fig. 3(a) [8]. For the
3D-mesh UHF-calculation, the length 31.6 nm of vertical
direction as can be seen in Fig. 3(a) is divided into 21 mesh
points with equi-distance.

In Fig. 4, the barrier height dependence of single elec-
tron energies in two quantum dots by 3D-mesh calculation
for the case of ~ω0 = 5 meV and B = 2.6 T. Because we

Fig. 5. (a) Magnetic field dependence of measured gate-voltage
in TBS [8] and (b) the chemical potential in two quantum dots
obtained by 3D-mesh UHF-calculation.

use the symmetrical potential in vertical direction, the
very simple bond and anti-bond states are reproduced
reasonably well depending on the barrier height VB in
3D-mesh calculation and the two-body Coulomb energy
is more weakened than that of the single Q-dot.

By using the barrier height VB = 400 meV which cor-
responds weak coupling limit, the chemical potential ob-
tained 3D-mesh UHF-calculation is shown in Fig. 5(b) by
comparing the gate voltage shown in Fig. 5(a) of TBS [8].
It is well understood that the magnetic field dependence
of the calculated chemical potential well reproduce that
of the measured gate voltage in TBS [8] then the spin-
degeneracy discussed in [8] appeared in gate-voltage is
well reproduced in the small mismatch limit which comes
from the doubly degenerated single particle levels shown
in Fig. 4.

5 Electronic states in ring structure

Here 3D-mesh UHF-calculation is applied to the calcula-
tion of the electronic structure in the ring structure. The
confinement potential in xy-plane is used the same one [9]
shown in the following UC(x, y) = 1

2m
∗ω2

0(r −R0)2 where
R0 is the inner radius of the ring structure. In this cal-
culation, we use the same height 12 nm of the ring struc-
ture with the single Q-dot. Because we assume that the
ring structure is an ideal symmetric cylinder, we use the
(r, θ, z)−cylindrical coordinate for representing the 3D-
mesh. The radius coordinate is limited in the region from
R0 to Rmax and the region is divided in the 20 mesh points
with equidistance space. Here we use the Rmax = 150 nm.
The angle variable of θ is divided in the equi-angle 20 mesh
points from 0 to 2π. By using this 3D-mesh, the calculated
single particle of the ring structure is shown in Fig. 6 and
obtained almost same magnetic field dependence which is
calculated approximately in [9].

Ring size dependence of single particle levels in ring
structure by 3D-mesh calculation is shown for the case of
~ω = 5 meV from single Q-dot to the larger R0 as is shown
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Fig. 6. Magnetic field dependence of single particle levels in
ring structure obtained by 3D-mesh calculation.

Fig. 7. Ring size dependence of single particle levels in ring
structure by 3D-mesh calculation in the case B = 0 T.

in Fig. 7. It is very interesting the obtained single particle
levels change from vibrational to rotational spectrum by
increasing the radius R0.

In Fig. 8, electron number dependence of addition en-
ergy of ring structure R = 10 nm obtained by 3D-mesh
UHF-calculation for the case of ~ω = 5 meV, ε = 25.8 and
B = 0 T.

6 Conclusion

For solving the original nonlinear and nonlocal UHFKS-
equation by using 3D-mesh method, the linearization of
the equation into the local form has been presented and
the 3D-mesh UHFKS-calculation has been applied to the
study of the electronic structure of artificial atoms and
molecule in created Q-dots.
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Fig. 8. Electron number dependence of addition energy ob-
tained by 3D-mesh UHF calculation in ring structure of R0 =
10 nm and B = 0 T.

Especially it has been shown that the spin-degeneracy
measured in gate-voltage depending on magnetic field [8]
was shown to be well reproduced in the limit of small
mismatch of two Q-dots. Finally, the electronic structures
in the ring structure have been calculated and discussed
how the ring size and magnetic field affect to the structures
without any experimental information.
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